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Abstract 

We investigate Lie symmetries of general Yang-Mills equations. For this purpose, we first 
write down the second prolongation of the symmetry generating vector fields, and compute 
its action on the Yang-Mills equations. Determining equations are then obtained, and solved 
completely. Provided that Yang-Mills equations are locally solvable, this allows for a complete 
classification of their Lie symmetries. Symmetries of Yang-Mills equations in the Lorentz gauge 
are also investigated. PACS: 02.20.+b 

1 Introduction 

Consider a system of n-th order nonlinear partial differential equations for a number of independent 
variables x and dependent variables A: 

A,{x,A,dA,...,d^''^A) = 0. (1) 

By a symmetry of this system, we shall mean any mapping of the independent and dependent 
variables that transforms an arbitrary solution of (1) into a solution. A Lie symmetry is a symmetry 
that belongs to a local Lie group of transformations. A Lie symmetry is generated by a differential 
operator v which is a linear combination of partial derivatives with respect to the x and A. In 
general, the coefficients of the linear combination depend on x and A. 

There is a well-defined method for the determination of all Lie symmetries of Eq. (1). It involves 
the computation of the so-called n-th prolongation of v, denoted by pr("^f . The n-th prolongation 
of v is a linear combination of partial derivatives with respect to x, A, and with respect to all partial 
derivatives of A up to the n-th order. One can show that, provided Eq. (1) is locally solvable and 
has maximal rank, v generates a symmetry of (1) if and only if the following holds [1]: 



Ai, = whenever A,, = 0. 



This constitutes a system of linear equations for the coefficients of partial derivatives making up 
the operator v. 



In this paper, we shall investigate Lie symmetries of general Yang-Mills equations. Such equa- 
tions are characterized by local gauge invariance under a compact semisimple Lie group. Their 
importance can hardly be overestimated, since they form the basis of current theories of the strong 
and electroweak interactions. Yet, as pointed out in Ref. [2], the techniques of symmetry analysis 
have not been applied systematically to the Yang-Mills equations. Previous work centered on the 
SU(2) case, for which Lie symmetries of Yang-Mills equations in the Lorentz gauge, and of so-called 
self-dual Yang-Mills equations, have been obtained [3, 4]. 

Just recently, however, Torre investigated what he calls natural symmetries of general Yang- 
Mills equations [5]. They are generalized symmetries (in the sense of Ref. [1]) that, roughly speaking, 
have a simple behavior under Poincare and gauge transformations of the fields. Torre showed that 
all such symmetries come from the gauge transformations admitted by the equations. 

In this paper we shall show that, provided the Yang-Mills equations are locally solvable, their 
Lie symmetries all come from local gauge transformations and conformal transformations. Our 
results are thus consistent with Torre's. In one aspect they are less general, since we investigate 
Lie instead of generalized symmetries. In another aspect, however, they are more general, since we 
do not assume any specific behavior under Poincare and gauge transformations. We should also 
point out that Torre makes use of the spinor formalism, applicable to four-dimensional manifolds. 
Our method can straightforwardly be adapted to higher-dimensional manifolds. 

In Section 2, we write down general Yang-Mills equations, the prolongation formulas, and discuss 
the question of local solvability. Determining equations associated with Yang-Mills equations are 
obtained in Section 3, and completely solved in Section 4. Yang-Mills equations in the Lorentz 
gauge are investigated in Section 5. 



2 Yang-Mills Equations 

With suitable choice of units, Yang-Mills equations can be written as [6, 7] 

a^Fr+c„beAM^r = o, (3) 

where 

Fr = d^Al - d^A^, + Ca,cA^,A^,. (4) 

Here represents a partial derivative with respect to the independent variable x^{^\i = 0, 1, 2, 3). 
The A*^ are dependent variables. Greek indices, associated with space-time, are raised and lowered 
with the Minkowski metric (/^jy, with signature (-f 1, —1, —1, —1)- Latin indices are associated with 
the structure constants Cabc of a compact semisimple Lie group. The Cabc can always be chosen so 
that they are completely antisymmetric and satisfy 

CacdCbcd = ^abi (5) 

where 5ab is the Kronecker delta. 

Eliminating F from Eqs. (3) and (4), we find that the Yang-Mills equations can be written as 

d^d^^Al - d^d^Afi + 2C,^,Ald^A-, + C,^,{d^Al)Al 

- CabcAb^d^'A'^, + CabcCcdiA^a^Uh,. = 0. (6) 

The Yang-Mills equations are second-order nonlinear partial differential equations. Generators of 
symmetry transformations are given by 

v = H^d, + ^2^, (7) 



where H'^ and $2 functions of x^^ and A'^. The second prolongation of v is given by 

The parentheses around A and tt indicate that the implicit summation is restricted to values of the 
indices such that A < vr, that is, over distinct partial derivatives only. The coefficients 
^'Ix^ are functions of x^^ and A^. They are given by [1] 

<^1x = Dx m - H'^d^A-a} + Hi^dxd^A^, (9) 
$5;,, = D^Dx m - H^d^A^} + H^'d^dxd^Al (10) 
The operator Dx and D^^ are total derivatives, that is, 

Note that, in the last term, summation is restricted to values of the indices such that /3 < 7. 

In this paper, wc shall let Eq. (1) represent the Yang-Mills equations, and investigate the most 
general functions H^" and '3>2 that satisfy Eq. (2). As shown in Ref. [1], Eq. (2) is a sufficient 
condition for v to generate a symmetry. Provided the Yang-Mills equations are locally solvable and 
have maximal rank, this is also a necessary condition. 

It is easy to check that the Yang-Mills equations have maximal rank in the sense of Ref. [1] . It is 
less easy to prove that they are locally solvable. Local solvability means that one can find solutions 
for arbitrary values of the partial derivatives at a given point, compatible with the equations. A 
sufficient (but not necessary) condition for local solvability is that the equations be in (general) 
Kovalevskaya form. Unfortunately, the Yang-Mills equations are not in that form. Nevertheless, 
it is likely that the Yang-Mills equations are locally solvable. As pointed out in Ref. [1], the main 
reason why an analytic system is not locally solvable is the existence of additional constraints 
on partial derivatives implied by the equations themselves. It might appear that such additional 
constraints could be put on the Yang-Mills fields by acting on Eq. (6) with the operator d^- The 
first two terms then vanish, yielding an equation for the functions A'^ and their partial derivatives. 
But we show, in Appendix A, that the resulting equation holds as an identity. Therefore, that 
operation gives no additional constraints on the fields. 

A word on notations. It has already been said that parentheses enclosing a pair of indices 
indicate that the implicit summation should be carried out only on distinct pairs of indices. It has 
also been assumed that the implicit summation convention, on Greek as well as Latin indices, is 
effective. There will, however, be instances where we will not want to sum over repeated indices. 
Obviously, we could just put summation signs where needed, and no such signs elsewhere. However, 
the summation convention is so useful that it is better to proceed otherwise. We shall use the 
summation convention on repeated indices, unless indices have a caret, in which case no summation 
will be carried out. This means, for instance, that in an equation like 

M; = AT?, (12) 

summation is carried out over /x but not over a, the latter index having a specific value. 

For later purposes, it is useful to write down the Yang-Mills equations (6) in a form that 
exhibits each second-order partial derivative. For each value of the index a, there are four equations, 
corresponding to each value of the index u. They are given by 

didiA^ = -5292^0 - 3333^0 - didoAl - d2doAl - dsdoAl 

+ 2CabcAtd^Al + CaUd,^Al)Al - C ^^.A^^d'' A^, + C,^,C^iA^^J^,A^^. (13) 



d2d2Al = -dsdsAl + dodoAl + d2diAl + 53^1^^ + 5o5iA° 

+ 2C„bc<5M^c + C„5c(5m0^c - CabcAbi.d'A'^ + CabcCcdlA''aA}Ab^. (14) 

d,diAl = -d^dsAl + dodoAl + did2Al + dsd2Al + dod2Al 

+ 2CabcA'^di,Al + C„5c(5m0^c - CabcAb^^d'^A^ + CabcCcdlA^^A^Ab^. (15) 

+ 2CabcA^bdi^Al + Cabcidi,A^,)Al - CabcAb^^d^A^ + CabcCcdiA'^aAfAb^. (16) 

3 Determining Equations 

In this section, we will translate condition (2) for the Yang-Mills case in explicit equations. First, 
we have to compute the coefficients <I>2a ^dXn ^^^^ appear in the prolongation formula (8). 
Substituting Eq. (11) into Eqs. (9) and (10), we find 

= 9x^2 - idxH^d^A-, + idxA^)g^ - {dxA-)id,A^,)^, (17) 



- (5,0(5^^S)^S,^^ - (5.0(9^^S)^5Ai^^ + {d.Al){dxA^^ 

- {d^d^A2)dxH'^ - {dxd^A2)d^H^' + (d^dxA^) 



dA^dA- 



-d 



dA- 

- i9.A^p)i9xA^)i9,A2)—^ - {d^A^)id,d,A^,)-^ 

oApOA^ C-^n 

- (a,0(a,a^A3)^ - ^d,A^)^d^dxA-^)^. (18) 

We note that restrictions on summations have disappeared. Applying the prolongation operator 
(8) to Eq. (6), we obtain 

nCad.{'^d,Al - d-A,,) + ^IC^bdd^Al + ^{CabcCcdi + C^C,bi)A\Ab, 

+ ^""aCahcCMA^.Ab^ + ^l^lCabdAl + n.Co4.Al - ^TCahdAb^ + - = 0. (19) 

Again, restrictions on summations have disappeared. 

We now substitute Eqs. (17) and (18) into (19). Regrouping coefficients of various derivatives 
of ^, we get 

[dxd^^l - dxd'^l + Al [2C,m5a<I>S - glCabddM - Cabdd''^dx\ 

+ A'^AbK \g^{CabcCcdl + CadcCcbl)^d + g'^CabcCcld^d] } 

+ (dxA^) {2g'^Cadn^^ + Candida + g^C^nd^ ' Sang'^d^d'' + 5 and ad" 



n ^ n 



5$ 



+ id,AZ)id,A^,)\g^' " " 



dA^dA- 



-g 



dA^dA- 



+ ^ang^a^d-H 



dA^ 



'^^angl^d^H- + 5apg'"'^dpH>^ 



'dAl, 



'^9ij.gf3(^abp-Qj^ + 9i^gi3^abp-gJ^ + gf^/Sg ^abp-gj^ 



+ {d,A-){d^A§){d,A:)\g'^Y.- 



dA^pdA- 



dA'^dA^ 



+ (dxd^AZ) -25angld^Hl' + Sang^^daH^ + Sang^d^'H^^ + 



5$ 

a ^ a 



5$ 

dA- 
dm 



X 



dA'^ 



r Xn u^Hk Xu u^-^k 

- dang ga-TT^ + ^ang 5o 



dA^ 



0. 



(20) 



Eq. (2) means that Eq. (20) should hold whenever the Yang-Mills equations hold. To investigate 
this requirement, we must substitute Eqs. (13)-(16) into (20), and see under what conditions the 
resulting equations vanish identically. In other words, we have to investigate the conditions under 
which the coefHcients of independent combinations of derivatives of A vanish. This is what we 
proceed to do. 



dAddA terms 

Eqs. (13)-(16) do not involve terms d\d^Al^ with A, ^ and /? all different. In Eq. (20), therefore, 
the coefficient of each term [d'^A'^){dxd^A^), with A, ji and (3 all different, must vanish. Since 
dx^n = dfj,d\, the coefficient must be symmetrized in A and ji. So \/n,p,a,K,a,v and \/X,ii,l3 
we must have 



A ^dH^ A^^^'' 

-^^apgngp-Qj^ - ^^^apg^gp-g^ + (>apgKf3g 



+ Sapg.f^g'^^ + ^ang^^gi^^^ + ^^-g^'^a'a^ = o. 



dA- 



Letting n = a ^ p yields, Vp, At, a, v and VA, iJi,(3 ^ 



{g^''g^ + g'"'ga)^ = o. 



We can set u = X ^ = a and obtain \/p, k, (3: 



dA^ 



dA'i, 



0. 



(21) 



(22) 



(23) 



Eq. (23) is a necessary condition for the dAddA terms (with A, fi and u all different) to vanish. 
Obviously, it makes all dAddA terms in (20) vanish. Therefore, there is no need to substitute the 
Yang-Mills equations in those terms. 



ddA terms 



Here again, we begin by looking at terms dxd^A^ in Eq. (20) with A, fx and a all different. The 
(symmetrized) coefficients of these terms must vanish. This means that Vn, a, v and VA, ji^a^ 

-25„„5^(a^//^ + d^^H^) + Sanig^'-do^H^^ + g^^d^H^) -g"^^- = 0. (24) 

Taking a ^ n and v = fj,, we find that Va, n ^ and VA, a ^ 

^ = 0. (25) 
dA^ ^ ' 

On the other hand, setting a = n in Eq. (24), we get Va, u and VA, /x, a 7^ 

-2g'^{d'^H^ + d^H>^) + g^'' l^daH'' _ + j^daH^ _ M| = 0. (26) 

Setting h' = a yields, VA, n 7^ 

d^H^" + d^'H^ = 0, (27) 
while setting u = X yields, Va and \fiJL,a^ 

QcH^ - a# = °- ^^^^ 

a 

Eqs. (25), (27) and (28) are necessary and sufficient conditions for ddA terms with A, ji and a all 
different to vanish. 

Let us now turn to ddA terms with A = /U = a. Since the Yang-Mills equations (13)— (16) do 
not involve such terms, their coefficients can be set equal to zero. This yields, Va, n, a 

-25angWH^ + Sang^^'do^H^ + Sangtd'' + - g^^^ = 0. (29) 

Making use of Eqs. (25), (27) and (28), and considering in turn cases where a is equal to n or not, 
and where u is equal to a or not, it is not difficult to see that (29) holds identically. 

We must now turn to the ddA terms in Eq. (20) with two and only two of the indices A, /x, a 
equal. For each value of n, there arc 24 such terms. Since these second-order partial derivatives are 
constrained by the Yang-Mills equations, their coefficients cannot separately be set equal to zero. 
We have to use the Yang-Mills equations to eliminate some of the second-order partial derivatives, 
and set equal to zero the coefficients of the remaining independent ones. 

So we substitute Eqs. (13)-(16) in (20), thereby eliminating, for every value of n, the following 
derivatives: didiA^, 92i92^n5 didiA^i, and didiA^. The coefficients of the remaining second-order 
partial derivatives are then extracted, and set equal to zero. After minor cancellations, there result 
the following equations, which hold Va, n, v and for fi and a as indicated. 

Coefficient of djxdjxA^, with /t = 2, 3: 

f - . . . Ill 1 ^ - d^^ 1 d^^ 

San {-2g^d^H^^ + g^^'^doH'^ + 2g^d'H^ - g^'^doH^} - g"^^ + ^ Slf = ^^^^ 

Coefficient of dfidp,A!^, with /i = 0, 3: 



San {-2g'(df'Hf^ + gf^-diH^ + /'^ [-2g'id^H^ + g'^^^d^H^] } - - / = 0. (31) 



CoefEcient of dfidjxA^, with /i = 0, 3: 

r r 111 ii ^ - d^l" " 1 d^^ 

5an {-'^aWH'^ + 9^''d2H'^ + 9^^ [-'2g'2d'H^ + 9'''d2H^] } - /'^^ - rt'^'^ = 0. (32) 

^ n ^ n 

Coefficient of dfidfiA^, with /i = 0, 2: 

r . - . . r 111 ii -1 - d^^ " 1 d^^ 

San { -2g'3d^H^ + g'^'-d^H^ + g^^^ [-Ig^d^H^ + g^^d^H^] } - ^-^^^ - g^^i^g-^ = 0" (33) 

Coefficient of Sq^q^I", with d = 1, 2, 3: 

Coefficient of dadiA'^, with d = 0, 2, 3: 

San {-g&{d^H^ + 25^1f") + g^^'id^H^ + 2^21/2) + ^la^^^^ + 

^ ^ dA^^^ dAi ^ ^"^^^ 

Coefficient of dad2A^, with d = 0, 1, 3: 

San {-gUd^H'' + 252i7") + g'"'{daH^ + 2d'H^) + g^d^H'' + 5'"52i?'} 

1.2 ^-^a vA^^a , X 

a^-" M"" M = 

Coefficient of Sq^sA", with d = 0, 1, 2: 

' dAt ' dAl^^ dAl ' 9^3-0- (37) 

We can now investigate the conditions under which Eqs. (30)-(37) vanish. Let us first consider 
the case where a ^ n. Making use of Eq. (25), it is easy to see that (30)-(33) hold identically, 
whereas (34)-(37) hold if and only if, Vd and Va, n ^ 

dA^d^n ^'"^ 

Let us now turn to the case where a = n. Substituting (28) into (30)-(33), we see that the latter 
vanish if and only if, Vd 

diH^ = d&H^. (39) 

Substituting Eqs. (27), (28) and (39) into (34)-(37), we see that the latter vanish if and only if, 
Va, d 

ail - a4f • 

Eqs. (38) and (40) can be combined in the following, which holds Va, n, d: 



dA\ dAl 



(41) 



OAdAdA terms 



Since no such terms appear in the Yang-Mills equations, the substitution effected before Eq. (30) 
will not change the coefficients of d Ad Ad A terms in (20). Owing to Eq. (23), these coefficients 
identically vanish. 

dAdA terms 

Again, no such terms appear in the Yang-Mills equations. So we substitute Eq. (23) in the coeffi- 
cients of dAdA terms, symmetrize over the interchange of (Ap/3) with {nna) and set the result to 
zero. This yields 

dA^,dA^ dA'pdA^ " dA^dAl 
Eq. (42) holds yK,\,j3,a,u,p,n,a. So we must have 



, 02<j,i/ q2^k q2^\ 

25«^ - g'^^ "^'^ - g^^ ^7" = 0. (42) 

\P Act AP Aa l^APr'- 



dA^dA^ 



0. (43) 



That is, all second-order derivatives of $ with respect to A vanish. 
dA terms 

Here the situation is more complicated. There are such terms in the Yang-Mills equations. There- 
fore, the substitution effected before Eq. (30) does change the coefficients of dA terms in (20). We 
recall that we eliminated the following derivatives: didiA^, 52^2^^, didiA^, and didiAf^. Taking 
(25) and (28) into account, we can see that for /x 7^ a and /t 7^ 0, the coefficient of dj^dfiA^ in 
Eq. (20) is given by 

-25an9'^d^Hf^ - |5| = K^L- (44) 

Let K^^^ denote the left-hand side of (44) for any value of the indices. Then dA terms coming 
from substitution of Eqs. (13)-(16) can be written as 

K'a^^Ccbn {lAtd^Al - A^d^A^ - A,^d-AZ} , (45) 

where we have used the fact that, owing to Eq. (39), K'^^i — ^aci- The previous expression can be 
rearranged as 

{d^A^)A^Kl^,,C,UH9a - 9a9; - 9'^9,a). (46) 

The complete set of dA terms can now be obtained by adding the explicit ones in Eq. (20) to 
expression (46). Setting their coefficients equal to zero and rearranging, we find that VA, 1^,0,71,0 



Cadn {2<$^ - 9''^^da ' 9^^d} + ^an {-9'^d^d''H^ + d'^d^H^} 



00 f) 

+ 2——d^^'' —d"'^^ - Q''^——dn^'^ 

^ dAl « ^ dA'^ ^ 

+ < {Cabn [-25^5^ + gldo.n'^ + 9a^.d^ii'' - 2gld^H\2glgl - g^^g^ - g^^g^^) 
+ Cabd 



dA'^ "''dA^ " 



Ccbn 



dA- 



{'i9il9a-9a9;-9^^9''n]=0. (47) 



No-derivative terms 

There are no-derivative terms in the Yang-Mills equations. Therefore, the substitution effected 
before Eq. (30) does change the coefficients of no-derivative terms in (20) . Terms coming from the 
substitution are given by 

The complete set of no-derivative terms can be obtained by adding the explicit ones in Eq. (20) to 
expression (48) . Setting their coefficients equal to zero and making use of Eq. (44) , we find that 
Vi^, a 

+ ^l^bK [g'i^iCabcCcdl + CadcCcbl)^d + d'^CabcCdd^d] 

- AfA^A,^Cr,,cCclm \2dang''.d^H' ^d^\=^- ^^^^ 

We have now obtained all determining equations associated with the Yang-Mills equations. 
They are given by Eqs. (23), (25), (27), (28), (39), (41), (43), (47) and (49). They are necessary 
and sufficient conditions for Eq. (20) to hold whenever the Yang-Mills equations hold. 

4 Solution of Determining Equations 

We now proceed to solve the determining equations. We first note that the most general solution 
of Eqs. (23) and (43) is given by 

H^" = H^'ix^) (50) 

and 

K = fZ.i^')At+mx'), (51) 

where H^^, /^^^ and arc arbitrary functions of x^. Prom Eq. (25), we see that /^^^ = if a 7^ 6 
and /J, K. We can therefore write 

*f = E /L(^')^a + fU^')At + F^ix'), (52) 

Prom Eq. (28) we see that, Va and V//, k ^ 

d^H^ = IL.- (53) 

Thus we can write, Va and V/i, k 7^ 

Kan = (54) 

where, owing to Eq. (27), /^^ is antisymmetric. 

Prom Eq. (39), we see that daH°^ is independent of a, and can therefore be written as G. Prom 
(41), we see that /^^^ is independent of /i, and can therefore be written as hab- The upshot is that 
the most general solution of Eqs. (23), (25), (27), (28), (39), (41) and (43) can be written as 

d,H'^ = r, + gi:G (55) 

and 

n = FnK + KbA', + FH, (56) 



where f^*^ = —f^^, hah-, Fa ^ arbitrary functions of x^. Note that 

|^=5^/ia6 + W^.- (57) 

There remains to satisfy Eqs. (47) and (49). We first substitute Eqs. (55)-(57) into (47). After 
cancellations and rearrangement, we find that VA, z/, a, n, a 

^6 {'^9a9'll — g'^Qa ~ 9atJ,9^'^^ {CabnG + Cabdhdn — Cdhnhad + Cadnhdb} 

+ San {g^d^G - g^M^' + Q^^'G) + 2d^f\ - g^^d,f\] 

+ {CadnF^ + d^'han] - {CadnFdcc + ^a^an} - 5a {CadnF'd + d'han) = 0. (58) 

Since /'^'^, hab-, F^ and G are functions of only, it is clear that the coefficient of A'^ and the sum 
of terms independent of A must separately vanish. By considering cases where a = n and a ^ n, 
we find that necessary and sufficient conditions for this are the following: First, Va, 6, n 

CabnG + Cabdhdn — Cdbnhad + Cadnhdb = 0. (59) 

Furthermore, VA and Va, n ^ 

CadnFl + d^han = 0. (60) 

Finally, VA, z^, a, a 

glid-G - d'^haa) - ^^(^m/^'' + d^'G - 2d^haa) 

+ 2d^f\ - 5^^(5^r, + d^haa) = 0. (61) 

Note that Eq. (60) can be written in a form that holds VA, a, n: 

CadnF^ = -d^han + hnd^hda- (62) 

In Eq. (61), set = a 7^ A. There results, VA, a 

Note that this implies that d^haa is independent of a. Substituting (63) back into (61) yields 
VA, V, a, a 

glid'^G - d'^haa) + 2d^r„ - g^'^idaC - djiaa) = 0. (64) 

For 1^ = a, this vanishes identically. If 7^ a, we can have any of three mutually exclusive cases: 
(i) a = A 7^ z/; (ii) v = \ ^ a.\ (iii) A, a 7^. Case (i) yields Va and Vz/, a 7^ 

d^'G - d'-had + 29"/'^^ = 0. (65) 

Case (ii) yields a similar equation. Finally, case (iii) yields, VA, z^, a 7^ 

d^Fa = 0. (66) 

Eqs. (59), (60), (63), (65) and (66) represent all the conditions on the unknown functions /'^'*, hab, 
and G provided by Eq. (47). 



We now substitute Eqs. (55)-(57) in Eq. (49). After rearrangement, we find that \fv,a 

■^f^m^b {da^idK [C-abcCcldhdm + C nbcC clm{'^^ anG — /ian)] 

+ d'jliCabcCcml + CamcCcbl) foK + 9 anO^^iC abcC cdl + C adcC cbl)hdrri^ 

+ ^r^fe (a'a' [{GabcCcdl + CadcCcbl)Fda — Calbdnf^a ^ Calddahdh] 

+ dan [CabcCddFd ~ Caldd^hdb] + '^gaCaldd^hdij + Calbi'^d^f ^ - 8" ff^a)} 

+ Af {Caid{2di_,F^ - g^dc^F^ - d^F^^) + 5ai{,d^d^f\ - d^d^ f\) + g^^d^d^Ki - d^d^Ki) 
+ dxd^F:-dxd''F^ = Q. (67) 

The (appropriately symmetrized) coefficients of each power of A must separately vanish. Let us 
consider each of them in turn. 

It is not difficult to see that, owing to Eq. (60), terms independent of A identically vanish. 
Terms linear in A yield, Mu, fj,,a,l 

Caid{2d^F^ - g^^do^F2 - d^Fa^) + dai{dxd^f\ - dxd''f\) + g^^d^d^hai - d^d^h^i = 0. (68) 

For a^l, Eq. (60) implies that this holds identically. For a = l,we have yu,fi,a 

dxd^f% - dxd''f\ + g-'^dxd^haa - d^d^haa = 0. (69) 

Setting fj, = u and summing immediately yields Va 

dxd^haa = 0, (70) 

whence Vz/, fj,, a 

dxd^f% - dxd''f\ - d^d-h^a = 0. (71) 

We turn to terms quadratic in A in Eq. (67). The coefficient of these terms, symmetrized under 
the interchange (/U,/) ^ {oi,h), must vanish. A rather lengthy but straightforward calculation, 
which we shall not reproduce here, shows that, owing to (59), (63), (66) and the antisymmetry 
of /^Q, the resulting equation reduces to an identity. Similarly, the coefficient of terms cubic in 
A, symmetrized under the sixfold interchange (/x, /) <-> (a, 6) <-> {K,m), vanishes identically. The 
upshot is that Eqs. (70) and (71) represent all additional conditions on the unknown functions /^'', 
hab, and G provided by Eq. (49). 

We now proceed to solve Eqs. (59), (60), (63), (65), (66), (70) and (71). First, let us write (63), 
(65), (70) and (71) in a simpler form. Consider Eq. (65) for the three values oi a ^ v. Summing 
the three resulting equations and remembering that f^^ vanishes ii v = a, we get Vz/, a 

Sd^G - Sd'^haa + 2d"f\ = 0. (72) 

Comparing with (63), we find that Vz^, a 

d^G + d^'Ka = 0. (73) 
Substituting (73) into (63), (71) and (65) and relabelling yields, V/x, 

dxf^"^ + ^d^G = 0, (74) 

dxd^r^ - dxd'^f^'' + d'^d'^G = 0, (75) 



and, V/x, A 7^ 

5. /mA + QtiQ ^ 0. (76) 

Substituting (74) in (75) yields V/x, v 

dxd^f^" = 2d''d^'G. (77) 

Since one side is antisymmetric under the interchange v ji and the other side is symmetric, both 
sides must vanish. So we have, Vi^, ji 

d'^d^'G = 0. (78) 

Owing to (66), Eqs. (73), (76) and (78) are equivalent to (63), (65), (70) and (71). 
The most general solution of Eq. (78) is given by 

G = d + c^,x'', (79) 

where d and are arbitrary constants. Prom (66), we see that is a function of x'^ and only. 
Prom (76) and (79) we obtain V/i, A 7^ 

d'J"'^ = -d^G = -cf. (80) 

This implies that the most general solution for f^^^ is 

//^^ = -(fx^ + c^x" + (81) 

where h*^^ are six arbitrary constants such that h^^ = —b^^^. 

We can now solve for the functions H'^{x^). With (79) and (81), Eq. (55) can easily be integrated 
to give 

HI" = -^ci'x^xx + c^x^xx + b^^xx + dxi" + a^", (82) 

where are four arbitrary constants. 

There remains to solve Eqs. (59), (60) and (73). In Appendix B, we shall show by group 
theoretical arguments that the most general solution of Eq. (59) is given by 

hab = —G6ab + CabdXd, (83) 

where the Xd are arbitrary functions of x^. Substituting Eq. (83) in (73), we see that the latter 
holds identically. Substituting (83) in (60), we find that VA and Va, n 

Cadn^d = -d^CandXd^ (84) 

whence, owing to Eq. (5) and the antisymmetry of the structure constants 

= d\d. (85) 

Putting together Eqs. (56), (79), (81), (83) and (85), we find that 

= i-ci^xx + cxx^^ + 6^)^^ -id + cxx^)A^, + CabdXdAl + di'xa- (86) 

Eqs. (82) and (86) are the most general solution of the determining equations. Therefore, 
the corresponding vector field (7) generates Lie symmetries of the Yang-Mills equations. One 
can see that the constants correspond to space-time translations; that the h^^ correspond to 
Lorcntz transformations; that the correspond to uniform accelerations; that d corresponds to 
dilatations; and that the functions Xaix"^) correspond to local gauge transformations [8, 9]. We 
have thus recovered the well-known Lie symmetries of the Yang-Mills equations. But we have done 
much more. Isofar as the Yang-Mills equations are locally solvable, we have shown that there are 
no others. 



5 Gauge Conditions 



In Eqs. (82) and (86), we have obtained the coefficients of symmetry generators of the Yang- Mills 
equations. In practice, the equations will be used together with a gauge condition. So it is of 
interest to investigate the symmetries of the Yang-Mills equations in a particular gauge. To be 

specific, we shall pick the Lorcntz gauge. 

The Lorentz gauge condition consists in setting Va 

d.A^a = 0. (87) 

Our task consists in finding the Lie symmetries of Eqs. (6) and (87). 

It is not difficult to check that Eqs. (6) and (87) together have maximal rank. But they are not 
locally solvable. Differentiating (87) with respect to x'*', we find that 

dxdi^A^ = 0, (88) 

which are additional constraints on partial derivatives. 

It is shown in Ref. [1] that a necessary and sufficient condition for v to generate a symmetry of 
a system of n-th order equations is that the n-th prolongation of v, acting on the system, vanishes 
at all points where the system is locally solvable. In our case, such points are determined by 
Eqs. (6), (87), (88), and any other equation expressing constraints on the and their first and 
second-order derivatives. For similar reasons as given in Section 2, however, it is likely that there 
are no additional constraints. We shall thus investigate the conditions under which the second 
prolongation of v, acting on Eqs. (6) and (87), vanish whenever Eqs. (6), (87) and (88) hold. 

Let us apply the second prolongation operator (8) to Eqs. (6) and (87), and set the result to 
zero. Applying (8) to Eq. (6), we clearly recover Eq. (20). Applying (8) to (87), we find that 

K^. = 0, (89) 

or, using (17) 

5^$^ - {d^Hna^A^, + {d,A-)^^^, - {d,A-)[d,A^^)^^H^ = 0. (90) 

We now have to substitute Eqs. (6), (87), and (88) into (20) and (90), and equate to zero 
the coefficients of the remaining (independent) combinations of derivatives of A. Note that this 
complicated and correct procedure is not the same as the simpler one that consists in substituting 
Eqs. (82) and (86) into (90), although in specific instances the two procedures may yield the same 
results. 

Let us then consider in turn the various combinations of derivatives of A. The dAddA terms 
can be treated basically as in Section 2. We recall that only terms Oxd^A^, with A, /j. and /3 all 
different, had to be considered. Thus, substitution of (88) will not have any effect. Moreover, it 
is not difficult to see that Eq. (23) still obtains if we restrict our attention to terms d'^A'^ with 
K a. But the Lorentz gauge condition does not involve such terms. Eqs. (23), therefore, are still 
necessary and sufficient conditions for the dAddA terms to vanish. 

Discussion of ddA terms is not much changed either. Eq. (88) allows to write terms like dadaA" 
in terms of other second-order derivatives of A. But the coefficient of dadaA'^ is given by the left- 
hand side of Eq. (29), which was shown to vanish identically. So again, the substitution of the 
Lorentz gauge condition and its derivatives will not introduce anything new. 

It is easy to see that d Ad Ad A terms still vanish identically. Turning to dAdA terms, we can 
see that Eq. (43) can be obtained even if we restrict our attention to terms with A ^ /3 and n ^ a. 



The dA terms yield Eqs. (59), (60), (63), (65) and (66) even if we restrict ourselves to \ ^ a. 
Finally, terms with no derivatives of A do not change, since the Lorentz gauge condition involves 
derivatives only. 

The upshot of the foregoing analysis is that the conditions that make (20) vanish subject to 
(6), (87), and (88) are the same as the ones that make (20) vanish subject to (6) only. In the end, 
these conditions are precisely embodied in Eqs. (82) and (86). We stress that this is not obvious, 
and could be otherwise for other choices of gauge. 

There remains to make use of Eq. (90) to put further constraints on the functions and 
Substituting (82) and (86) into (90) and rearranging, we find that 

2c«A« + Cabd{df,Xd)A'^ + d^di'xa = 0. (91) 
This must hold identically. Since Xa is a function of only, we get 

d^d^'Xa = 0, (92) 

2c^5ab + Cabddf^Xd = 0. (93) 
Necessary and sufHcient conditions for these two equations to hold are that (V/x), 0^ = and that 
(V/x, d), df^Xd = 0- The conformal symmetry thus collapses to the Poincare group with dilatations, 
and local gauge transformations reduce to global ones. 
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A 

To see whether there are additional constraints on the A'^ and their derivatives, let us apply the 
operator di, on Eq. (6). We get 

Cabc {2<a,a^A^ + 2{d,A'^)d^A'', + {d,d^A'^)A^^ + (a^^^a^A^ - (5,^^)^"^^^ 

- A.^d^d^'A':: + Cdi [Ah^A'{d,A''^ + A^^A^^d.A^ + A^^A\d,Ab^\ } = 0. (94) 

The second, fourth, and fifth terms in curly brackets vanish due to antisymmetry of Cabc- The 
third term similarly cancels half the first term. Thus we obtain 

Cabc {A^^d.d^A^ - ^6^9.9^^ + Cdi {A^^A\d,A^^ + A^^,A^^d,A\ + A^^A\d,A^,^\ } = 0. (95) 

Substituting Eq. (6) and again making use of the antisymmetry of the structure constants, wc get 

CabcCcdl {A^^A^^d.A'i - Ah^Aa.d^'A^ + A^^A^d^A^^ + Ci^^Ai^^A^^A^^Ad,] = 0. (96) 

Relabeling indices in the second and last terms and regrouping yields 

{CabcCcdl + CadcCclb} Abfj^A'^d^Af + CabcCcdl A'^Ai di^A^f^ 

+ 2 {^abcCcdl + CadcCdb} CimnAbfj,A^A!^A(ii, = 0. (97) 

Making use of the Jacobi identities for the structure constants, we get 

-CaicCcbdAbnA'^diyAf + CabcCcdiA'^Ai diyAbfj, — -CaicCcbdCimnAb^j.A':^A'^^Adu = 0. (98) 
The first two terms cancel and, by antisymmetry of the structure constants, the third term vanishes. 



B 

We want to solve Eq. (59), namely 

CabnG + Cabdhdn - CdbnKd + Cadnhdb = 0- (99) 

The Cabn arc structure constants of a compact semisimple Lie group, the function G is given by 
Eq. (79) and the h^d are unknown functions of x"^. 

We fix the value of x^, so that G and had are fixed too. In (99), we interchange a with n, and 
add the result to (99). We obtain 

Cabdihdn + Kd) + Cnbdihda + Kd) = (100) 

or, in matrix notation 

Cfe, /i + /i^] = 0, (101) 

where Cb has elements Cbad^ h, has elements had and /i-^ is the transpose of h. Now the structure 
constants are matrices of an irreducible representation of the Lie algebra. By Schur's lemma, 
Eq. (101) implies that h + h^ is a multiple of the identity, that is, 

had + hda = '2XSad. (102) 

Let us denote by Mad the antisymmetric part of had- Owing to (102), Eq. (99) becomes 

CabnG + Cabd{>^Sdn + Mdn) " Cdbni^^^ad + Mad) + Cadn{>^Sdb + Mdb) = 0, (103) 

which reduces to 

Cabn (G + A) + CabdMdn + CbndMda + CnadMdb = 0. (104) 

We multiply this equation by CaU, sum over a and h and make use of Eq. (5) to obtain 

5UG + A) + + 2CablCbndMda = 0. (105) 

The first term is symmetric under the interchange I n, whereas the last two terms are antisym- 
metric. This means that 

G + A = 0, (106) 

whence 

had = -G6ad + Mad. (107) 

Eq. (104) becomes 

CabdMdn + CbndMda + CnadMdb = 0. (108) 

It is obvious that, for any set of Xh the following is a solution of Eq. (108): 

Mdn = CdnlXl- (109) 

We shall now show that there are no other solutions. 

Owing to (106), Eq. (105) can be written in matrix form as 

M + 2"^CbMCb = Q. (110) 

b 

Let L denote the Lie algebra whose structure constants are the Cbad- Then L is semisimple. In a 
suitable basis, each matrix Cb is block diagonal, with nonzero entries in one block only. Each block 



corresponds to a simple subalgebra of L. Prom Eq. (110), it follows that M is also block diagonal. 
Eq. (110), therefore, holds separately for each block. Thus it is enough to consider the case where 
L is simple. 

Prom (108), we have 

[Ca,M]=J2MadCd. (Ill) 

d 

Suppose there is a matrix M that satisfies (108) and is not a linear combination of the Cd- From 
(111), we see that the Cd and M together form a Lie algebra that includes L. Let denote the 
dimension of L, and let M(L; R) denote the real irreducible representation of L made up of the 
structure constants. Let M(L; C) denote the corresponding representation of the complex form of 
L. It is known that M{L;C) is maximal in the orthogonal algebra SO(A^; C) [10]. From this it 
follows that M(L; R) is maximal in SO(A^; R). For, if there existed a real Lie algebra L' such that 

M(L; R)CL' C SO(iV; R), (112) 

corresponding inclusions would also hold for the complex forms. But 

dim {SO(iV; R)} - dim {L} = . (113) 

Since this is never equal to 1, the Cd and M cannot together form a Lie algebra. The upshot is 
that Eq. (109) is the most general solution of (108). Eq. (107) thus becomes 

had = -G6ad + CabdXd- (114) 

Since this holds at any point x^, Eq. (83) follows. 
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